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Abstract 
Atmospheric pollution in cities increasingly pay attention. The most important air pollutants in cities are exhaust gases. The 
pollution concentration may exceed air quality standards and therefore it is important to find tools of control them, particularly by 
using a mathematical modelling. Atmospheric dispersion system dynamics and kinetics models are multivariate and nonlinear, 
and cannot be solved by analytical methods. That brings up a question about finding approximate solutions for that type of 
models.  In this study the simplified mathematical model for determination of the urban air pollution concentration dynamics is 
considered, taking into account the important condition that the velocity of the turbulent atmosphere air flow is not given a priori. 
A new analytical method of solution of nonlinear Kolmogorov-Petrovsky-Piskunov equation for velocity of the turbulent air flow 
is proposed, which allows solve 3D problem of exhaust concentration dynamics in urban atmosphere.   
©  Published by Elsevier BV 
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1. Introduction 
We come to the problem of constructing a simplified mathematical model, which consists of two related 
equations with the corresponding initial and boundary conditions. The first equation is linear and contains a 
pollution concentration function that describes the velocity of the turbulent atmosphere flow. The second equation is 
non-linear and deals with the unknown velocity. Assuming that the turbulent molecular diffusion coefficient 
changes only along the vertical distance from the ground surface, solving the full 3D mathematical model would 
yield the urban air pollution concentration and the averaged "vertical" velocity of the turbulent flow. If we assume 
that it is possible to solve the nonlinear sub-problem, with respect to the velocity of the turbulent air, we can then 
turn to the linear sub-problem- that considers the pollution concentration. This linear problem can be easily solved 
by the standard Green’s function method. In this study, we show how the non-linear equation of the second sub-
problem is reduced to the Kolmogorov-Petrovsky-Piskunov equation with the help of a non-degenerative 
transformation. We propose an analytical method for solution of the nonlinear equation, which yields the closed 
form equations for the full 3D mathematical model. 
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2. Problem Statement 
Let assume that the turbulent and molecular diffusion coefficient changes only along the vertical distance from 
the ground surface. We consider the problem of constructing a simplified mathematical model, which consists of 
two related equations: 
 
 
 
(1) 
             
 
with the initial condition 
 
 
 
 
and the boundary conditions for each fixed 0, 1j M= −  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
with the following consistency conditions on each vertical layer 0, 1j M= −
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
             (2) 
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The equation (1) is linear and, with regard to the pollution concentration, it contains a function which describes 
the velocity of the turbulent atmosphere flow. The equation (2) is non-linear and deals with the unknown velocity. 
Thus, the full 3D mathematical model consists of finding: the concentration of air pollution in the urban area 
atmosphere; and the averaged ”vertical” velocity of the turbulent flow. If we assume that it is possible to solve the 
second sub problem - the nonlinear problem to find the velocity of the turbulent air - we can turn to the first sub-
problem – the linear direct problem that considers the pollution concentration. This linear problem can be easily 
solved by the standard Green’s function method. 
 
3. Solution method for nonlinear equation for velocity 
 
We show how the non-linear equation (2) of the second sub-problem is reduced to the Kolmogorov-Petrovsky-
Piskunov [1] equation with the help of a non degenerated transformation. For each vertical layer: 
 
 
 
we have to solve: 
 
 
 
 
 
 
 
 
 
 
 
The considered nonlinear equation for velocity can be written as the Kolmogorov-Petrovsky-Piskunov equation 
 
 
 
where: 
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we obtain: 
 
 
 
 
 
By changing 3x  on ξ , and after integration of the above equation, we have: 
 
 
 
 
 
 
             (3) 
 
 
Now by setting 
 
 
 
 
 
 
 
 
we obtain a final form of the equation (3): 
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where: 
 
 
 
Expression (4) can be simplified by such non-degenerate substitution (see [2]): 
 
        
      
As a final result we have such linear equation: 
 
 
             (5) 
 
By applying the transformations proposed for equation (2) we can rewrite the initial and boundary conditions for 
considering the problem in such form: 
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Let us consider a linear equation in respect to the unknown function { } ( )3 ,iU x t
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where ( ) ( )3 1, 3jA x j = , ( )3 3 ,A x t  and { } ( ) ( )1, 2ijU t j =  are given functions of their arguments, ( )1, 4jB j =  are 
given constants. 
Obviously, our studied problem (5)-(8) is a particular case of the problem (9)-(11). Indeed, when choosing  
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problems (5)-(8) and (9)-(11) become equivalent. 
The solution of the common problem (9)-(11) is a function, defined by the formula 
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– the Green’s function { } ( )3 , ,iG R x tξ  is determined by a formula 
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– functions ( ) ( )3jY x j ∈ ¥  are the eigenfunctions of the Sturm-Liouville problem  
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– constants ( )j jσ ∈ ¥  are the eigenvalues of the Sturm-Liouville problem (14)-(16); 
 
– functions { } ( ) ( )3 , 1, 2ijGR x t j =  depending on the type of boundary conditions (Dirichlet, Neumann or Newton 
types) (10)-(11) can be expressed in different ways by using the Green function (13). For example,  
 
• in case of the mixed type boundary conditions, where 
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• in  case of the mixed boundary conditions, where 
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• in case of the second type boundary conditions (i.e. Neumann boundary conditions), where 
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and, finally, 
• in  case of the third type boundary conditions (i.e. Newton boundary conditions), where  
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It is worth mentioning that there exist finite difference approximations of the problem (5)-(8) (as well as for a 
more general problem (9)-(11)), and effective stable numerical solution methods have been elaborated for them (see, 
for example, [3]-[4] and the corresponding literature therein).  
An analytical method is proposed for solution of the nonlinear equation for velocity (2). In such a way, the 
analytical solution of the proposed full mathematical model (1)-(2) can be found in the closed form. 
 
4. Conclusions 
 
For determination of exhaust gas concentration different mathematical methods can be used, first of all the 
methods based on mathematical physics and the statistical methods, which use the statistics acquired in the process 
of ecological monitoring of the urban atmosphere. The modelling in this study is based on the methods of 
mathematical physics and the theory of partial differential equations. The advantage of the methods of mathematical 
physics is a possibility to use them in each new situation; meanwhile the statistical methods can be applied only 
after large number of observations has been collected. Moreover, the models of mathematical physics give more 
precise solutions, but in comparison with statistical methods they are more complicated and solutions thereof require 
more advanced mathematical treatment. 
In this study a mathematical model is constructed by taking into account the process of turbulent diffusion, and 
assuming that air flow velocity is unknown. However, in usual mathematical models it is often considered that the 
air flow velocity is given a priory. This assumption is quite strong and therefore it substantially restricts the 
application of such model to real process computations. In our study to determine the turbulent air flow velocity a 
nonlinear differential equation has to be solved in respect to turbulent flow velocity with the corresponding initial 
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and boundary conditions. It is worth mentioning that the solution of the nonlinear Kolmogorov-Petrovsky-Piskunov 
type equation is obtained analytically and in a closed form. 
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